ABSTRACT. We construct an explicit family of arithmetic Teichmüller curves C 2k , k ∈ N, supporting SL(2, R)-invariant probabilities µ 2k such that the associated SL(2, R)-representation on L 2 (C 2k , µ 2k ) has complementary series for every k ≥ 3. Actually, the size of the spectral gap along this family goes to zero. In particular, the Teichmüller geodesic flow restricted to these explicit arithmetic Teichmüller curves C 2k has arbitrarily slow rate of exponential mixing.
INTRODUCTION
Let H g be the moduli space of unit area Abelian differentials on a genus g ≥ 1 Riemann surface. This moduli space is naturally stratified by prescribing the list of orders of zeroes of Abelian differentials: more precisely, 
H(κ)
where H(κ) is the set of unit area Abelian differentials with zeroes of orders k 1 , . . . , k σ . Here, we have the constraint σ j=1 k j = 2g − 2 coming from Poincaré-Hopf formula. The terminology "stratification" here is justified by the fact that H(κ) is the subset of unit area Abelian differentials of the complex orbifold of complex dimension 2g + σ − 1 of Abelian differentials with list of orders of zeroes κ. See [13, 20, 21, 22] for further details.
In general, the strata H(κ) are not connected but the complete classification of their connected components was performed by M. Kontsevich and A. Zorich [11] . As a by-product of [11] , we know that every stratum has 3 connected components at most (and they are distinguished by certain invariants).
The moduli space H g is endowed with a natural SL(2, R)-action such that the action of the diagonal subgroup g t := diag(e t , e −t ) corresponds to the so-called Teichmüller geodesic flow (see e.g. [22] ). After the seminal works of H. Masur [13] and W. Veech [20] , we know that any connected component C of a stratum H(κ) carries a unique SL(2, R)-invariant probability measure µ C which is absolutely continuous with respect to the Lebesgue measure in local (period) coordinates. Furthermore, this measure is ergodic and mixing with respect to the Teichmüller flow g t . In the literature, this measure is sometimes called Masur-Veech measure.
For Masur-Veech measures, A. Avila, S. Gouëzel and J.-C. Yoccoz [3] established that the Teichmüller flow is exponential mixing with respect to them. Also, using this exponential mixing result and M. Ratner's work [16] on the relationship between rates of mixing of geodesic flows and spectral gap property of SL(2, R)-representations, they were able to deduce that the SL(2, R) representation L 2 (C, µ C ) has spectral gap. More recently, A. Avila and S. Gouëzel [2] were able to extend the previous exponential mixing and spectral gap results to general affine SL(2, R)-invariant measures. 1 Once we know that there is spectral gap for these representations, a natural question concerns the existence of uniform spectral gap. For MasurVeech measures, this was informally conjectured by J.-C. Yoccoz (personal communication) in analogy with Selberg's conjecture [19] . On the other hand, as it was recently noticed by A. Avila, J.-C. Yoccoz and the first author during a conversation, one can use a recent work of J. Ellenberg and D. McReynolds [6] to produce SL(2, R)-invariant measures supported on the SL(2, R)-orbits of arithmetic Teichmüller curves (i.e., square-tiled surfaces) along the lines of Selberg's argument to construct non-congruence finite index subgroups Γ of SL(2, Z) with arbitrarily small spectral gap. We will outline this argument in Appendix A.
However, it is not easy to use the previous argument to exhibit explicit examples of arithmetic Teichmüller curves with arbitrarily small spectral gap. Indeed, as we're going to see in Appendix A, the basic idea to get arithmetic Teichmüller curves with arbitrarily small spectral gap is to appropriately choose a finite index subgroup Γ 2 (N ) of the principal congruence subgroup Γ 2 of level 2 so that H/Γ 2 (N ) corresponds to N copies of H/Γ 2 arranged cyclically in order to slow down the rate of mixing of the geodesic flow (since to go from the 0th copy to the [N/2]th copy of H/Γ 2 it takes a time ∼ N ). In this way, it is not hard to apply Ratner's work [16] to get a bound of the form 1 N e −σ(N )·N where σ(N ) is the size of the spectral 1 By affine measure we mean that it is supported on a locally affine (on period coordinates) suborbifold and its density is locally constant in affine coordinates. Conjecturally, all SL(2, R)-invariant measures on H g are affine, and, as it turns out, this conjecture was recently proved by A. Eskin and M. Mirzakhani [7] .
gap of H/Γ 2 (N ). Hence, we get that the size σ(N ) of the spectral gap decays as ln(N )/N along the family H/Γ 2 (N ). Thus, we will be done once we can realize H/Γ 2 (N ) as an arithmetic Teichmüller curve, and, in fact, this is always the case by the work of J. Ellenberg and D. McReynolds [6] : the quotient H/Γ can be realized by an arithmetic Teichmüller curve whenever Γ is a finite index subgroup of Γ 2 containing {±Id} (such as Γ 2 (N )). In principle, this could be made explicit, but one has to pay attention in two parts of the argument: firstly, one needs to derive explicit constants in Ratner's work (which is a tedious but straightforward work of bookkeeping constants); secondly, one needs rework J. Ellenberg and D. McReynolds article to the situation at hand (i.e., trying to realize H/Γ 2 (N ) as an arithmetic Teichmüller curve). In particular, since the spectral gap decays slowly ( ln(N )/N ) along the family H/Γ 2 (N ) and the Ellenberg-McReynolds construction involves taking several branched coverings, even exhibiting a single arithmetic Teichmüller curve with complementary series demands a certain amount of effort.
In this note, we propose an alternative way of constructing arithmetic Teichmüller curves with arbitrarily small spectral gap. Firstly, instead of getting a small spectral gap from slow of mixing of the geodesic flow, a sort of "dynamical-geometrical" estimate, we employ the so-called Buser inequality to get small spectral gap from the Cheeger constant, a more "geometrical" constant measuring the ratio between the length of separating multicurves and the area of the regions bounded by these multicurves on the arithmetic Teichmüller curve. As a by-product of this procedure, we will have a family Γ 6 (2k) of finite index subgroups of Γ 6 (the level 6 principal congruence subgroup) also obtained by a cyclic construction such that the size of the spectral gap of H/Γ 6 (2k) decays as 1/k (where the implied constant can be computed effectively). Secondly, we combine some parts of Ellenberg-McReynolds methods [6] with the ones of the second author [17] to explicitly describe a family of arithmetic Teichmüller curves birational to a covering of H/Γ 6 (2k) (that is, the Veech group of the underlying square-tiled surface is a subgroup Γ 6 (2k)). As a by-product of this discussion, we show the following result:
i) For any origami whose Veech group Γ is a subgroup of ±Γ 6 (2k), its
Teichmüller curve exhibits complementary series and the spectral gap of the regular representation associated to H/Γ is smaller than 1/k. ii) The Veech group of the origami Z k (defined in Definition 4.1) of genus 48k + 3 and 192k squares is contained in ±Γ 6 (2k). In particular, its Teichmüller curve C 2k exhibits complementary series and this family of origamis gives an example that there is no uniform lower bound for the spectral gaps associated to Teichmüller curves.
We organise this note as follows. In Section 2, we present the cyclic construction leading to the family of finite index subgroups Γ 6 (2k), k ∈ N, of Γ 6 . We show that the size of the spectral gap of H/Γ 6 (2k) decays as 1/k. In a nutshell, we consider the genus 1 curve H/Γ 6 , cut along an appropriate closed geodesic, and glue cyclically 2k copies of H/Γ 6 . This will produce the desired family H/Γ 6 (2k) because the multicurves consisting of the two copies of our closed geodesic at the 0th and kth copies of H/Γ 6 divide H/Γ 6 (2k) into two parts of equal area, see Figure 3 . Thus, since the area of H/Γ 6 (2k) grows linearly with k while the length of the multicurves remains bounded, we'll see that the Cheeger constant decays as 1/k, and, a fortiori, the size of the spectral gap decays as 1/k by Buser inequality. Proposition 2.8 and Remark 2.9 then show i) of Theorem 1.1. In Section 3, we describe an explicit family of square-tiled surfaces whose Veech group is SL(2, Z). Then, we give a condition that coverings of them have a Veech group which is contained in ±Γ 6 (2k), i.e., its Teichmüller curve is birational to a covering of H/Γ 6 (2k). These two sections can be read independently from each other. Finally, in the last section, we prove ii) of Theorem 1.1 by constructing explicit origamis which satisfy the given conditions. In particular, as our "smallest" example, we construct an origami with 576 squares whose Veech group is a subgroup of Γ 6 (6) and, a fortiori, whose Teichmüller curve exhibits complementary series (see Corollary 4.3).
A word on notation. During our discussion, sometimes we will need to shift our considerations from SL 2 (Z) to PSL 2 (Z) = SL 2 (Z)/{±Id} (and vice-versa). So, in order to avoid potential confusion, each time we have a subgroup Γ of SL 2 (Z), we will denote by PΓ the image of Γ under the natural map SL 2 (Z) → PSL 2 (Z).
A word on background. In the sequel, we will assume some familiarity with the notions of origamis (i.e., square-tiled surfaces), Veech groups and affine diffeomorphisms. The reader who wishes more information on these topics may consult e.g. the survey [10] of P. Hubert and T. Schmidt for a nice account on the subject. Note in particular that in this article the Veech group is a subgroup of SL 2 (R) and we call its image in PSL 2 (R) the projective Veech group. We denote both, the derivative map from the affine group to SL 2 (R) and its composition with the projection to PSL 2 (R), by D and call also the latter map derivative map.
SUBGROUPS PΓ
Recall that SL 2 (Z) is generated by T and L with T = 1 1 0 1 and L = 1 0 1 1 .
We will also denote their images in PSL 2 (Z) by T and L. Recall furthermore that PΓ 2 , the image of the principal congruence 2 group Γ 2 of level 2 in PSL 2 (Z), is generated by x = T 2 and y = L 2 . Figure 1 below shows the Cayley graph of PΓ 2 /PΓ 6 with respect to their images, where PΓ 6 is the image of the principal congruence group Γ 6 of level 6 in PSL 2 (Z). The Cayley graph is embedded into a genus 1 surface.
2.1. The group PΓ 6 (2k). In this subsection we present one of our main actors, the group PΓ 6 (2k), and another group (namely, G 6 (2k)) closely related to it that will be crucial for our subsequent constructions. For this we give a closer look at the group PΓ 6 . As we mentioned above, the two elements (2.1) x = 1 2 0 1 and y = 1 0 2 1 generate PΓ 2 . They even freely generate it, i.e. PΓ 2 ∼ = F (x, y), the free group in the two generators x and y. Therefore the action of PΓ 2 on the upper half plane as Fuchsian group is free and we may consider PΓ 2 as well as the fundamental group of H/PΓ 2 . Next, we note that the exact sequence:
restricts to the exact sequence
Thus PΓ 6 is normal in PΓ 2 of index 12 and the quotient is isomorphic to PSL 2 (Z/3Z).
2
The principal congruence subgroup Γ N ⊂ SL 2 (Z) of level N ∈ N is the kernel of the homomorphism SL 2 (Z) → SL 2 (Z/N Z) given by reduction modulo N of entries. See e.g. [4] for more details on these important subgroups of SL 2 (Z).
Remark 2.1. The following matrices are a system of coset representatives of PΓ 6 in PΓ 2 (compare Figure 1) .
FIGURE 1. The Cayley graph of PΓ 2 /PΓ 6 with respect to the generators T 2 and L 2 drawn on the surface H/PΓ 2 . (Edges with same labels are glued.) Arrows with double marking denote multiplication with x = T 2 , arrows with triple marking multiplication with y = L 2 . The matrices A 1 , . . . , A 12 are given in Remark 2.1.
Recall that H/PΓ 2 has genus 0 and three cusps, and that one can choose a fundamental domain which is a hyperbolic geodesic quadrilateral with all four vertices on the boundary of H and such that the edges are paired into neighboured edges which are identified (such a fundamental domain appears under the name F 2 in Appendix A). Since PΓ 6 is a subgroup of PΓ 2 and PΓ 2 acts freely, we obtain an unramified covering H/PΓ 6 → H/PΓ 2 of degree 12. We have indicated this covering in Figure 1 . The whole surface is H/PΓ 6 . Edges labelled by the same letter are identified by PΓ 6 . All vertices are cusps (also the ones inside the polygon!). Altogether the surface has 12 cusps and its genus is 1. The tessellation into quadrilaterals shows the covering map onto H/PΓ 2 . The thicker edges are all mapped to the same edge on H/PΓ 2 and the same holds for the thinner edges
Observe that the fundamental group of H/PΓ 6 is generated by the directed closed paths indicated in Figure 2 below, one for each edge (we call the closed path as well as the corresponding element in PΓ 2 by the letter that is labelling the edge) and by positively oriented simple loops around the cusps, one for each vertex inside the polygon (which we denote by the same letter as the vertex). Altogether PΓ 6 is generated by the elements A, . . . , G and the loops L 1 , . . . , L 6 (see Lemma 2.4 for the exact definition of the loops) and it is isomorphic to the free group F 13 .
Furthermore, notice that one nicely obtains the Cayley graph of PΓ 2 /PΓ 6 embedded on H/PΓ 2 , see Figure 1 . It is the dual graph to the tessellated surface: each quadrilateral represents one vertex, i.e. one coset. Two vertices are connected by an edge if and only if they share a common edge. For simpler notations let us choose an orientation on the edges: each edge connects a vertex with all emanating edges of the same thickness with a vertex that is adjacent to edges of different thickness. Choose the orientation of an edge from the uni-thickness vertex to the mixed vertex. Crossing a thin edge from right to the left then corresponds to multiplication by x. Crossing a thick edge from left to the right corresponds to multiplication by y, compare Figure 1 .
We now consider a cyclic cover of degree 2k of H/PΓ 6 : we cut H/PΓ 6 along the simple closed path c 1 crossing the edge B indicated in Figure 2 , take 2k copies of this slitted surface and reglue them in a cyclic order. 3 See Figure 3 below for a schematic picture. The fundamental group of this covering will be the group PΓ 6 (2k). We give a definition of this group using the monodromy of the covering. 3 Here, we started with H/PΓ 6 instead of H/PΓ 2 because an efficient usage of Buser inequality (to detect complementary series for cyclic covers) depends on the fact that we can select a non-separating loop c 1 on our initial surface. Of course, such a choice of c 1 is possible on the genus 1 surface H/PΓ 6 but not on the genus 0 surface H/PΓ 2 . Definition 2.2. Let m : PΓ 6 → Z/(2kZ) be the group homomorphism defined by:
Define PΓ 6 (2k) to be the kernel of m. In particular PΓ 6 (2k) is a normal subgroup of index 2k in PΓ 6 and the quotient is the cyclic group Z/(2kZ). Denote its preimage in SL 2 (Z) by ±Γ 6 (2k).
Observe that the map m defined in Definition 2.2 assigns each element in the fundamental group of H/PΓ 6 the oriented intersection number with the curve c 1 modulo 2k. One of the main goals of this note is to obtain origamis whose Veech groups are contained in PΓ 6 (2k). However for the proof we will for technical reasons mainly work with another subgroup G 6 (2k) of PΓ 6 (which turns out to be the image of PΓ 6 (2k) under an isomorphism γ of PΓ 6 ) defined as follows.
Definition 2.3. Let m 2 : PΓ 6 → Z/(2kZ) be the group homomorphism defined by:
Define G 6 (2k) to be the kernel of m 2 . In particular G 6 (2k) is again a normal subgroup of index 2k in PΓ 6 and the quotient is the cyclic group Z/(2kZ).
One directly observes from Figure 4 below that m 2 gives the oriented intersection number modulo 2k with the simple closed curve c 2 crossing the edges D and G shown in the figure.
Lemma 2.4. Let γ be the automorphism of PΓ 2 ∼ = F 2 defined by
Proof. First, observe that γ (considered as an automorphism of PΓ 2 ) restricts to an automorphism of PΓ 6 . To see this, we write the generators of Γ 6 in terms of x and y. This can again be read off from Figure 2 (we do some choices for the loops L 1 , . . . , L 6 here):
Now we apply γ −1 : x → xy −1 , y → x to them and obtain:
Observe now that for each generator X we have m(γ −1 (X)) = −m 2 (X). We thus obtain:
Remark 2.5. Alternatively, for the proof of Lemma 2.4 one could check that γ preserves loops, therefore induces a homeomorphism of the surface by the Dehn-Nielsen Theorem for punctured surfaces and that this one maps c 1 to c 2 .
For later usage, we want to further describe the action of PΓ 2 on the cosets of G 6 (2k) in PΓ 2 . Denote in the following by C(H : U ) the set of cosets U · h (h ∈ H) of a subgroup U in a group H. Firstly, we use the system of coset representatives A 1 , . . . , A 12 of PΓ 6 in PΓ 2 defined in Remark 2.1. Secondly, for each A i we define a drift j i as follows:
Remark 2.6. We fix the following identification between C(PΓ 2 : G 6 (2k)) and C(PΓ 2 : PΓ 6 ) × Z/(2kZ): For A ∈ PΓ 2 , write A = A · A i with A i the coset representative of A from Remark 2.1, A ∈ PΓ 6 and define δ A = m 2 (A ) + j i . Then we define the bijection:
For easier notation, we will label the elements in C(PΓ 2 : G 6 (2k)) by the corresponding pair in {1, . . . , 12} × Z/(2kZ):
with i the i from the A i above and δ A as above.
Observe that the choice of the coset representatives A 1 , . . . , A 12 above corresponds to the choice of fixed paths on H/PΓ 6 between the midpoint of the quadrilateral corresponding to A 1 and the midpoint of the quadrilateral corresponding to the respective A i , see Figure 4 . The drift δ A for some A = A ·A i in PΓ 2 is then the intersection number of the path corresponding to A · A i with c 2 . Crossing c 2 from left to right leads one copy higher in our 2k copies.
In particular, we get the following proposition:
Proposition 2.7. Identify by Remark 2.6 the set of cosets C(PΓ 2 : G 6 (2k)) with {1, . . . , 12} × Z/(2kZ). The action of PΓ 2 on C(PΓ 2 : G 6 (2k)) by right multiplication is then given by the permutations:
Proof. Using the comment in the paragraph before the proposition, this can be read off easily from Figure 4 .
2.2.
Size of the spectral gap of H/PΓ 6 (2k). In the sequel, we want to estimate λ 2k := λ 1 (H/PΓ 6 (2k)) the first eigenvalue of the Laplacian on the hyperbolic surface H/PΓ 6 (2k). In order to do so, we recall the Buser inequality (see Buser [5] and Lubotzky [12, p. 44]): For the case at hand, we apply Buser's inequality with the multicurve obtained by the disjoint union of two copies c 1 of c 1 on the 0th and kth copies of H/Γ 6 inside H/PΓ 6 (2k), see Figure 3 . Here, we recall that c 1 is the simple closed geodesic of H/Γ 6 in Figure 2 connecting the "B-sides" indicated in the picture, that is, c 1 is the simple closed geodesic along which we cut H/Γ 6 , take several copies of the outcome of this, and reglue them cyclically (see Definition 2.2). In this way, by definition, we have that
On the other hand, one can check that the hyperbolic matrix in PΓ 6 associated to c 1 is ρ(c 1 ) = 29 12 12 5 , so that (c 1 ) = 2 arc cosh(
2 arc cosh (17) . Combining this with the fact area(H/Γ 6 ) = 24π, we can conclude from (2.4) and (2.5) that
i.e.,
Since arc cosh(17) < 3.5255, we get, for every k ≥ 3,
Next, denoting by λ(Γ) the first eigenvalue of the Laplacian on a finite area hyperbolic surface H/Γ, we note that λ(Γ) ≤ λ(Γ ) whenever Γ is a finite index subgroup of Γ , that is, the first eigenvalue of the Laplacian of a finite area hyperbolic surface can't increase under finite covers.
Finally, we recall that the presence of complementary series on the regular representation of SL(2, R) on L 2 (H/Γ) is equivalent to the fact that λ(Γ) < 1/4 (see [16] and references therein for more details).
In other words, by putting these facts together, we proved the following result:
Remark 2.9. In fact, since the size of the spectral gap σ(Γ) of the regular representation associated to H/Γ relates to the first eigenvalue λ(Γ) through the equation
whenever Γ has complementary series (see [16] ), we see that the spectral gap σ(Γ) for Γ a finite index subgroup of PΓ 6 (2k) obeys the following inequality
Here, we used that, from (2.6), one has 1
Remark 2.10. It follows from Selberg's 3/16 Theorem [19] and the estimate (2.6) above that, for each k ≥ 3, PΓ 6 (2k) is not a congruence subgroup of SL(2, Z), i.e., there is no N ∈ N such that PΓ 6 (2k) contains the principal congruence group Γ N of level N (consisting of all matrices of SL(2, Z) which are the identity modulo N ). Indeed, if Γ N ⊂ PΓ 6 (2k) for some N , we would have λ(Γ N ) ≤ λ 2k ≤ 1/6, a contradiction with Selberg's 3/16 Theorem (saying that λ(Γ N ) ≥ 3/16 for all N ∈ N).
SQUARE-TILED SURFACES WITH VEECH GROUP INSIDE ±Γ 6 (2k)
In this section we describe a construction to obtain translation surfaces whose Veech groups are subgroups of ±Γ 6 (2k) (k ∈ N), see Definition 2.2. We will use very special translation surfaces, called origamis or squaretiled surfaces. Recall that an origami is a finite covering p : X → E from a closed surface X to the torus E = C/(Z ⊕ Zi) which is ramified at most over the point ∞ = (0, 0) on E, see e.g. [18] . We may pull back the natural Euclidean translation structure on E = C/(Z ⊕ Zi) to X and obtain a translation surface with cone points singularities which is tiled by d squares, where d is the degree of the covering p : X → E. Origamis can equivalently be defined to be translation surfaces obtained from gluing finitely many copies of the Euclidean unit square along their edges by translations. We can present an origami by a pair of transitive permutations σ a (horizontal gluings) and σ b (vertical gluings) in the symmetric group S d well defined up to simultaneous conjugation. Figure 5 shows e.g. the origami E [2] which is an origami of degree 4. Indeed, as a translation surface it is isomorphic to C/(2Z ⊕ 2Zi) and the multiplication by 2 is the corresponding covering [·2] : E[2] → E of degree 4 to the torus. It can be described by the pair of permutations σ a = (1, 2)(3, 4) and σ b = (1, 3)(2, 4).
: opposite edges are glued by translations.
For an origami p : X → E we will always consider X endowed with the lifted translation structure. We denote by Aff(X) the group of orientation preserving affine homeomorphisms of X and by Γ(X) the Veech group of X, i.e. the image of the derivative map D : Aff(X) → SL 2 (R). Observe that the Veech group of an origami as considered in [18] consists only of the derivatives of those affine homeomorphisms that preserve the fibre of the point ∞. However, if the derived vectors of the saddle connections on X span the lattice Z ⊕ Zi, this is indeed the full Veech group, see e.g. [ Following the notation in [8] we denote for a covering h : X → Y of translation surfaces Aff h (X) = {f ∈ Aff(X)|f descends via h to Y } and Aff h (Y ) = {f ∈ Aff(Y )|f lifts via h to some homeomorphism of X}.
Recall finally that the Veech group of the torus E = C/(Z ⊕ Zi) itself is the group SL 2 (Z): An affine homeomorphism
of the universal covering C descends to an affine homeomorphism f of E, if and only if A is in SL 2 (Z). If we require in addition that f fixes the point ∞ = (0, 0) on E, then we obtain for each A ∈ SL 2 (Z) a unique affine homeomorphism on E with derivative A. Thus D : Aff(E) → SL 2 (R) restricts to an isomorphism
In the following construction we start with the torus E[2] = C/(2Z⊕2Zi) (see Figure 5) . We fix the four points P = ∞ = (0, 0), Q = (1, 0), S = (0, 1) and R = (1, 1) on E [2] . Then the derivative map D : Aff(E [2] ) → SL 2 (R) further restricts to an isomorphism
We will now construct origamis with Veech group Γ = ±Γ 6 (2k) proceeding in the following two main steps. In the first step, following the ideas from part of [6] , we construct a coveringq : Y → E [2] with the following properties:
A)q is ramified precisely over P = (0, 0), Q = (1, 0) and S = (1, 1).
B) The degree of the covering is equal to the index [Γ 2 : Γ]. C) All affine homeomorphisms in Aff 1 (E [2] ) have some lift in Aff(Y ) viaq. Denote by (Aff 1 )q(Y ) the group of those lifts. In particular,
There is a bijection θ between the fibreq −1 (R) of R and the set of left cosets Γ 2 /Γ. Furthermore θ :q −1 (R) → Γ 2 /Γ is equivariant with respect to D : (Aff 1 )q(Y ) → Γ 2 . Here (Aff 1 )q(Y ) acts naturally on the fibreq −1 (R) and Γ 2 acts on the set of left cosets Γ 2 /Γ by multiplication from the left. I.e.
where (·D(f )) denotes the multiplication with D(f ) from the left. Let R id be the point in the fibre of R with θ(R id ) = id · Γ.
In the second step, we obtain the desired origami following the construction in [17, Chap. 5] by choosing a covering r : Z → Y with a suitable ramification behaviour. For example, we choose the covering in such a way thatq • r is ramified differently above P , Q and S. Furthermore r is ramified above R id differently than above all other points inq −1 (R). Thus if f ∈ Aff(Z) descends via r tof ∈ Aff(Y ), thenf is in (Aff 1 )q(Y ) and must fix R id . By the property D) that we required forq, the second condition means that left multiplication with D(f ) fixes the coset of the identity.
It follows from the last paragraph that if each affine homeomorphism of Z descends to Y , then we are done. To achieve this is a technical difficulty, we have to take extra care of. This is where we need that our group Γ is the group ±Γ 6 (2k). We study the action of Aff(Y ) onq −1 ({P, Q, R, S}) ⊂ Y . The Veech group of Y turns out to be the full group SL 2 (Z) (see Proposition 3.9). We find a partition ofq −1 ({P, Q, R, S}), such that if r is ramified differently above different classes in the partition, then all affine homeomorphisms descend and we are done. Proposition 3.10 does this job.
3.1. The Ellenberg/McReynolds construction. In this paragraph we explain how one obtains a coveringq with the properties A) -D) as above. For this part we just need that the group Γ is a subgroup of Γ 2 containing −I. As stated above we follow part of the proofs in [6] , which gives us this beautiful construction. We briefly describe the geometric interpretation behind it and how this leads to what we want. In Section 3.2 and Section 3.3, we will explicitly define the origami Y (see Definition 3.4) and show that it has all properties which we need. Hence the following paragraph is just for giving a motivation how we obtained the surfaces Y , but not necessary for the logic of our proofs. It seems natural to describe the construction in terms of fibre products also called pullbacks. They are more commonly used in the context of Algebraic geometry. But recall that we may also take fibre products of topological spaces (see e.g. [1, 11.8, 11 .12(2)]). Our topological spaces here will be punctured closed Riemann surfaces, i.e. closed Riemann surfaces with finitely many points removed, thus we notate them in the following by B * , X * , X 1 * and X 2 * . For two continuous maps p 1 : X 1 * → B * and p 2 : X 2 * → B * the fibre product is the topological space
endowed with the subspace topology together with the two maps q 1 : X * → X 1 * and q 2 : X * → X 2 * which are just the projections. Thus we have a commutative diagram:
The square in the middle denotes that this is a fibre product. The fibre product has a nice universal property (which is actually used to define it for general categories, see e.g. [1, 11.8] ), but we do not further need it here. We will just need the following properties: for an explicit definition of the fibre product in the case of unramified (not necessarily connected) coverings and an explicit calculation of the monodromies of the coverings q 1 and q 2 in terms of the monodromies of p 1 and p 2 . F3) If, in addition to the conditions in F2), X * is connected, then we can as well describe the fibre product X * by its fundamental group. More precisely, the fundamental groups of X 1 * , X 2 * and X * then embed via the coverings into π 1 (B * ) and
. This can be seen e.g. from Theorem B in [15] (in this case m f × m g acts transitively). F4) Suppose now that p 1 is a covering as before and p 2 is an embedding of punctured closed surfaces. Then the map (p 2 ) * : π 1 (X 2 * ) → π 1 (B * ) induced by p 2 between fundamental groups is a surjection, whereas π 1 (X 1 * ) embeds into π 1 (B * ) via (p 1 ) * . The map q 2 is an unramified covering and we have:
In the following we use the degree 2 covering h : E[2] → P 1 (C) defined as the quotient by the affine involution ι on E [2] with derivative −I and fixed points P , Q, R and S. The covering is ramified at P , Q, R and S and we may choose the isomorphism E[2]/ι ∼ = P 1 (C) in such a way that their images are 0, 1, ∞ and λ = −1. This leads to an unramified covering
We furthermore use the utile coincidence that we have:
...
Thus the embedding Γ → Γ 2 defines an unramified covering
We now remove the additional point λ = −1 on 
The construction in (3.1) was already used in [14] in order to construct origamis from dessins d'enfants. With the help of this it was deduced that the absolute Galois group Gal(Q/Q) acts transitively on origami curves from the fact that it does it on dessins d'enfants. In [15, Theorem 3 ] the monodromies of the coverings are explicitly calculated. In particular, one directly sees from the monodromy ofq in the proof of Theorem 3 on p.52 (q is called π there, its monodromy is m π , the pair (σ x , σ y ) describes the monodromy of β, d is the degree of β) that the monodromy ofq acts transitively on {1, . . . , d}, sinceŶ * is connected. Thus also Y * is connected. We now obtain the fundamental group of Y * as follows: Following the notations in [6, Lemma 3.2 and Prop. 3.1] denote
The last equality means that we have identified these two groups by a fixed isomorphism. From F4) and F3) we see:
Lemma 3.2 and the discussion in Section 2 in [6] shows that any element A ∈ PΓ(2) defines a homeomorphism on * and extendingq to a ramified covering of the closed Riemann surfaces finally gives the desired mapq :
In our special case, where Γ = ±Γ 6 (2k), we have the intermediate cover
Recall that we have studied the coverings β 1 and β 2 in Section 2.1. We can now determine the fibre product in two steps. First, X * is the fibre product of the degree 12 cover β 2 : H/PΓ 6 → H/PΓ 2 = . * . Secondly, Y * is the fibre product of X * → H/PΓ 6 and the cyclic covering β 1 : H/PΓ 6 (2k) → H/PΓ 6 having the projections Y * → H/PΓ 6 (2k) and q : Y * → X * . The desired coveringq is theñ q = p • q. We explicitly give the translation surface X * in Section 3.2 and Y * in Section 3.3 and show that they have the properties we need. In Section 3.4 we make explicit which criterions coverings r : Z * → Y * must fulfill that we can use them in the second step described on page 16. We finally prove Theorem 1.1 in Section 4.
For the coverings p and q we more precisely show:
• The covering p : X → E[2] is normal, of degree 12 and its Galois group is PΓ 2 /PΓ 6 ∼ = PSL 2 (Z/3Z) (see (2.2)). The Veech group of the origami X is SL 2 (Z). Its affine group contains a subgroup G 2 isomorphic to Γ 2 , see Proposition 3.1 and Lemma 3.3. Furthermore, the cover p is unramified over the point R. We give an explicit identification of the 12 preimages R 1 , . . . , R 12 with the cosets in PΓ 2 /PΓ 6 in such a way that the action of G 2 on them is equal to the action of PΓ 2 on the cosets up to the automorphism γ, see Lemma 3.3.
• The covering q : Y → X is normal and of degree 2k with Galois group Z/(2kZ). Similarly as before we obtain a suitable identification of the fibre of p • q : Y → E[2] over R with PΓ 2 /PΓ 6 (2k), see Section 3.3.
• PΓ 6 (2k) is the stabiliser in the Veech group Γ(Y ) of a certain partition of S, the set of punctures on Y , see Section 3.3. Coverings Z which "ramify with respect to this partition" have a Veech group whose image in PSL 2 (Z) is contained in PΓ 6 (2k), see Section 3.4.
• In Section 4 we give explicit examples of such origamis.
3.2.
The origami X. We define the origami X as follows: It consists of 4 × 12 = 48 squares labelled by (A, h) with A ∈ PΓ 6 \PΓ 2 and h ∈ {1, 2, 3, 4}. The horizontal gluing rules are:
The vertical gluings are:
You can easily read up from the Cayley graph of PΓ 2 /PΓ 6 in Figure 1 (recall that PΓ 6 is normal in PΓ 2 ) that Figure 6 below shows the origami X. Figure 7 below shows the same origami with its vertical cylinder decomposition.
Observe from Figure 6 that X decomposes into eight horizontal cylinders which we have arranged in the figure into four double cylinders. The vertices glue to the points: P 1 , . . . , P 4 , Q 1 , . . . , Q 4 , S 1 , . . . , S 4 each of cone angle 6π and R 1 , . . . , R 12 having cone angle 2π, respectively. In particular we have twelve singularities of cone angle 6π. Thus the origami is in the stratum H(2 [12] ) and its genus is 13. The map p : X → E[2] which maps the square (A, i) to the square i on E[2] defines a well-defined covering of degree 12. Furthermore, the development vectors of the saddle connections on X span the lattice Z 2 . Hence the Veech group is contained in SL 2 (Z) and affine homeomorphisms preserve the vertices of the squares that form X. Finally, if B ∈ PΓ 2 /PΓ 6 is the coset ofB, then we can directly see from the gluing rules in (3.2) and (3.3) and from the fact that PΓ 6 is normal in PΓ 2 that the map that sends the square (A, i) to (B · A, i) is well-defined, depends only on B and respects the gluing rules. Thus it induces a welldefined translation τ B of X. Since a translation has to preserve cone angles 
. The horizontal cylinder-decomposition of the origami X. An edge labelled by a pair (A i , h) is glued to the suitable edge of Square (A i , h). Slits with same labels within a double cylinder are glued. Opposite vertical unlabelled edges are glued. The vertical black arrows indicate slits for a later construction in Section 3.3. and the vertices of the squares, it permutes the R i 's. Furthermore a translation is determined by the image of one of the R i 's, since they are regular points. Therefore X has not more than these 12 translations. We summarise the properties of the origami X in the following proposition. Proposition 3.1. The origami X defined above has the following properties: i) Its genus is 13 and it has twelve singularities P i , Q i , S i (i ∈ {1, . . . , 4}) of cone angle 6π. Its group of translations Trans(X) is
(with τ B defined as above), and X/Trans(X) ∼ = E [2] . In particular the covering p : X → E[2] is normal with PΓ 2 /PΓ 6 as group of deck transformations. ii) The Veech group of X is SL 2 (Z).
Proof. i) was shown in the paragraph before Proposition 3.1 and follows from the definition of X. To see ii) we define the affine homeomorphisms f T and f L as follows. f T has derivative T and acts on the edges on the boundaries of the four horizontal double cylinders as a shift of 3. Hence e.g. the lower edge of the square (A 1 , 1) is mapped to the lower edge of the square (A 5 , 2). The upper edge of (A 1 , 1) is mapped to the upper edge of (A 6 , 1), sine the derivative is T . I.e. the lower edge of (A 6 , 3) is mapped to the lower edge of (A 5 , 3) . The upper edge of (A 6 , 3) is then mapped to the upper edge of (A 5 , 4). You can read off from Figure 6 that this is consistent with the gluings and thus gives a well-defined affine homeomorphism. On the middle lines of the double cylinders, it acts on the upper edges of the lower cylinder as shift by 2 to the left; on the lower edges of the upper cylinder it acts as shift by 2 to the right. Similarly define f L to have derivative L and act on the edges of the boundaries of the four vertical double cylinders as shift of 3 (see Figure 7) . The matrices T and L generate SL 2 (Z), thus the Veech group equals SL 2 (Z).
In order to obtain the desired origami Z in the end, we need how Γ 2 or more precisely
as in the proof of Proposition 3.1 ii).
Observe that the image of G 2 in SL 2 (Z) by the derivative map is Γ 2 . We study this action in the two following lemmas.
Lemma 3.2. The two affine homeomorphisms f T and f L act on the set S of vertices of X as the following permutations:
f T 2 and f L 2 fix the boundary of the horizontal, respectively of the vertical double cylinders pointwise. Furthermore
3 acts trivially on S and has derivative −I.
Proof. This can be directly read off from Figure 6 and Figure 7 . The short calculation (T · L −1 ) 3 = −I shows the claim about the derivative of f −I .
Lemma 3.3. The action of G 2 on the set of vertices of X has the following properties: i) G 2 is the full pointwise stabiliser in the affine group Aff(X) of the set
. ii) If we denote the vertex R i also by R A i with A i ∈ PSL 2 (Z/6Z) defined as in Remark 2.1, then G 2 acts on the set {R i | i ∈ {1, . . . , 12}} by:
Here, the images of x and y in PSL 2 (Z/6Z) are also denoted x and y ( by a slight abuse of notation). We may identify R A i with the coset A i −1 · PΓ 6 and then obtain an action of PΓ 2 from the left. iii) The derivative map gives an isomorphism from G 2 to Γ 2 .
Proof. It directly follows from Lemma 3.2 that the generators f 1 , f 2 and f 3 of G 2 act trivially on S sing . We have to further show that G 2 is the full pointwise stabiliser. Suppose that an affine homeomorphism f ∈ Aff(X) acts trivially on S sing . Letf be its descend to E[2] via p. Since f fixes the points in S sing pointwise,f has to fix their images 0 0
+ (2Z) 2 as well. Hence the derivative D(f ) of f is in the main congruence group Γ 2 . It follows that there is some f 0 in G 2 with the same derivative. Thus f = τ • f 0 for some translation τ . Since f 0 also preserves S sing pointwise, τ has to do it as well. The lower edge of the square (A 1 , 1) is a saddle connection with developing vector 1 0 which starts in P 1 and ends in Q 1 . It must be mapped by τ to a saddle connection with the same vector and the same starting and end point. But this edge is the only segment with this property. Hence it is fixed, τ is the identity and f is in G 2 . This shows i). The last argument in particular shows that G 2 contains only the trivial translation. Since the kernel of the derivative map D consist precisely of the translations, we obtain an isomorphism D : G 2 → Γ 2 . Hence iii) holds. The statement in ii) can be directly read off from the Cayley graph in Figure 1 and Lemma 3.2.
3.3. The origami Y . We now achieve the second step, that is, to define the origami Y and show that it has the desired properties.
Definition 3.4. Define the origami Y as follows
• Take 2k copies of the origami X. Label their squares by the elements (A, h, j) where (A, h) is the label it had in X and j ∈ {1, . . . , 2k} is the number of the copy.
• Slit them along the eight vertical edges which are highlighted by black arrows in Figure 6 .
• Reglue the slits as follows: If square (A, h, j) is the square on the left of a slit marked by an arrow pointing upwards, then glue it to (r(A, h), j + 1). If it is the square on the left of a slit marked by an arrow pointing downside, then glue it to (r(A, h), j − 1). Here we denote by r(A, h) the right neighbour of (A, h) in the original origami X.
One easily checks that Y is the origami shown in Figure 8 and in Figure 9 . Proof. For i) define q by mapping Square (A, h, j) of Y to Square (A, h) of X. ii) can be read off from Figure 6 . The horizontal double cylinders are shown in Figure 8 and the vertical ones in Figure 9 . It can be furthermore directly read off from Figure 6 that the monodromy around each vertex is 0. Thus the covering is unramified and iii) holds. Finally, the Riemann Hurwitz formula then gives us 2g Y − 2 = (2g X − 2) · 2k, where g Y and g X are the genus of Y and X, respectively. The claim follows, since g X = 13 by Proposition 3.1.
Remark 3.6. We label the 12 · 2k preimages of R on the surface Y by R j i (i ∈ {1, . . . , 12}, j ∈ {1, . . . , 2k}) where R j i is the left lower vertex of the square (A i , 3, j) . Recall the identification from Remark 2.6 of the cosets of the group G 6 (2k) = γ(PΓ 6 (2k)) with C(PΓ 2 : PΓ 6 ) × Z/(2kZ). This assigns to (A i , j) a coset G 6 (2k) · g i,j with g i,j ∈ PΓ 2 . We will denote the vertex R j i also by R G 6 (2k)g i,j . Finally, we label the preimages of P i , Q i and S i by P j i , Q j i and S j i (i ∈ {1, . . . , 4} and j ∈ {1, . . . , 2k}), respectively, as shown in Figure 8 and Figure 9 . Note, in particular, that q(P j i ) = P i and similarly for the Q's, R's and S's.
Observe from Figure 8 
ii) G 2 is the full pointwise stabiliser Stab( S sing ) in Aff(Y ) of the set S sing . Furthermore, G 2 is isomorphic to Γ 2 . iii) Recalling the notation from Remark 3.6, we have, for all g ∈ PΓ 2 :
is the derivative map and γ is the automorphism x → y, y → x −1 y defined in Lemma 2.4. This in particular ensures that ϕ is welldefined.
Proof. The claims onf −I can be directly read off from Figure 8 . Recall further thatf 2 T andf 2 L act as horizontal (respectively vertical) multi partial Dehn twists on the horizontal (resp. vertical) double cylinders shown in Figure 8 (resp. Figure 9 ) which fixes the boundaries and shifts by 2 on the middle lines. This immediately gives i). For the proof of ii) we proceed similarly as in Lemma 3.3: the only translation on Y that fixes S sing pointwise is the identity, since such a translation has to fix with P 
) and again reads off from Proposition 2.7 that this corresponds to multiplication by y −1 x. Finally, iv) follows from ii) and iii) by induction on the generators of G 2 .
We in particular obtain the following corollary, which will be helpful in Section 3.4.
Corollary 3.8. (to Lemma 3.7)
Letf be an affine homeomorphism of Y such that D(f ) ∈ Γ 2 . If we have for some j ∈ {1, . . . , 2k} thatf (P and is therefore the identity. This shows the claim.
It turns out that we cannot only lift (f T ) 2 and (f L ) 2 from X to Y but also f T and f L , which needs a bit more care. We do not need this for the proof of Theorem 1.1. But since it is an interesting statement on its own, we include the proof in the following proposition. Proof. We define lifts of f T and f L as follows: We denote the 4 · (2k) horizontal double cylinders byẐ 1,1 , . . . ,Ẑ 4,2k (see Figure 8 ). Consider the two permutations τ = (2, 2k)(3, 2k − 1) . . . (k, k + 2) and ρ = (1, 2)(3, 2k)(4, 2k − 1) . . .
Define the mapf T as lift of f T that permutes the double cylindersẐ 1,j and Z 4,j (j ∈ {1, . . . , 2k}) by the permutation τ , and theẐ 2,j 's andẐ 3,j 's by the permutation ρ, respectively, i.e.f T mapsẐ 1,j toẐ 1,τ (j) ,Ẑ 2,j toẐ 2,ρ(j) ,Ẑ 3,j tô Z 3,ρ(j) and finallyẐ 4,j toẐ 4,τ (j) . We have to check that this is well-defined with respect to the gluings of the double cylinders. This can be read off from Figure 8 as follows: Recall that f T (resp. f L ) acts on the boundary of the horizontal (resp. vertical) cylinders as shift by 3. Thus e.g. the top edge of square (A 6 , 4, j + 1), which lies in cylinderẐ 1,j , is mapped byf 2 T to the top edge of square (A 1 , 3, τ (j) ) in cylinderẐ 1,τ (j) . Square (A 6 , 4, j + 1) is glued to Square (A 9 , 2, j + 1) in cylinderẐ 2,j+1 . The lower edge of Square (A 9 , 2, j + 1) is mapped to the lower edge of Square (A 3 , 1, ρ(j + 1)). Thus we need that τ (j) = ρ(j + 1). Similarly the other five top edges of the double cylinderẐ 1,j lead to the conditions:
Furthermore, doing the same calculations for the other three cylinders, we obtain equivalent relations. Thusf T is well-defined, since τ and σ satisfy these conditions. The definition off L works in a similar way. Consider the double cylinderŝ C 1,j , . . . ,Ĉ 4,j (see Figure 9 ). Define the mapf L as lift of f L that permutes the double cylindersĈ 1,j andĈ 3,j (j ∈ {1, . . . , 2k}) by the permutation τ , and theĈ 2,j 's andĈ 4,j 's by the permutation ρ. Similarly as above one obtains for each edge that lies on the boundary of the vertical double cylinders an equation. One easily sees that all non-trivial equations are equivalent to: ∀j : ρ(j) = τ (j) + 1 and ρ(j + 1) = τ (j)
Again ρ and τ satisfy these conditions.
3.4.
A criterion for the desired origamis. In this section we present a sufficiency condition for coverings Z of the origami Y from Section 3.3, that the Veech group of Z is contained in ±Γ 6 (2k). In Section 4, we will present some explicit examples for such origamis Z.
Let h : X 1 → X 2 be a finite covering of Riemann surfaces. Recall for the following that the ramification data of a point P ∈ X 2 consists of the ramification indices of all preimages of P counted with multiplicity. We denote this multiple set by rm(P, h). It will be a crucial point in the proof of Proposition 3.10 that if h is a translation covering of finite translation surfaces (recall that we allow by definition singular points on the surface) andf is an affine homeomorphism of X 1 which descends to f on X 2 , then we have for all points P ∈ X 2 : rm(f (P ), h) = rm(P, h), i.e. a descend preserves ramification data. Proposition 3.10. Let Y be the origami from Definition 3.4. Recall that from the construction we had coverings q : Y → X and p : X → E [2] of degree 2k and 12, respectively. Suppose that r : Z → Y is a finite covering such that
Then, the Veech group of Z is a subgroup of ±Γ 6 (2k).
It will be a main point of the proof of Proposition 3.10 that all affine homeomorphisms of Z descend to Y . This is enforced by the ramification behaviour of the maps r, q and p. A central step for showing this will be to work with the universal covering Z * of the punctured surface Z * (defined below), look at affine homeomorphisms there and find criterions ensuring that they descend to the finite surface Y * . We do this in a sequence of lemmata which prepare the proof of Proposition 3.10.
Consider in the following the sequence:
→ E * Here E * = E\{∞} (E and ∞ defined as in the beginning of Section 3 and X * , Y * and Z * are X, Y and Z, respectively, with the preimages of ∞ under the corresponding covering map removed. Hence r, q and p in the sequence in (3.4) are unramified coverings. Let furthermore u : Z * → Z * be a universal covering. We lift the translation structure on Z * to Z * and call itμ. Since all translation structures that we consider were obtained as lifts from the structure µ on E, all coverings in (3.4) are translation coverings. Furthermore, by the uniformisation theorem ( Z * ,μ) is as Riemann surface biholomorphic to the Poincaré upper half plane H. The group of deck transformations
as Fuchsian groups on H. They have all finite index in Deck( Z * /E * ), since they arise from finite coverings to E * . Thus the set of cusps (i.e. fixed points on the boundary of H of parabolic elements) of these five groups coincide. We denote it by Cps. The covering u may be extended to a continuous map from H = H ∪ Cps (endowed with the horocycle topology) and we obtain the chain of continuous maps:
→ E Definition 3.11. Let S be a set, let B = {b 1 , . . . , b l } be a partition of S and let f act by a permutation on S. We say that f fixes the partition, if ∀i ∈ {1, . . . , l} :
For the following lemma recall e.g. from [18, Prop. 2.1, Prop. 2.6] that any affine homeomorphism of Z * descends to
In particular any affine homeomorphism of H can thus be continuously extended to H ∪ Cps.
Lemma 3.12. In the above situation consider the partition of the set of cusps Cps induced by the four points P , Q, R and S on E[2], i.e. the partition that consists of the four classes
Let H = {f ∈ Aff( Z * ,μ)|f fixes the partition Cps P Cps Q Cps R Cps S }.
Observe that here (and in the following) we use the extension of f to H. In this sense f , acts on Cps. We then have:
h ∈ H ⇔ the descend of h to E [2] fixes the four points P , Q, R and
Proof. The first equivalence directly follows from the definition of the partition. For the second equivalence observe that the action of an affine homeomorphism f of E[2] on P , Q, R and S is equivalent to the action of the image of D(f ) in SL 2 (Z/2Z) on in Z/2Z.
The following simple argument will be crucial later, therefore we provide a proof of it. Lemma 3.13. Let p : A * → B * be an unramified normal covering and let u : A * → A * be a universal covering. Let f be a homeomorphism of B * andf a lift of f to A * via p • u. Suppose that f can be lifted to A * . Thenf descends to A * .
4. PROOF OF THEOREM 1.1
We finally complete the proof of Theorem 1.1 by giving a specific family Z k of examples which satisfies the conditions in Proposition 3.10. For a given k, the origami Z = Z k is a covering of degree 2 of the origami Y from Section 3.3 and constructed as follows: We take two copies of Y and slit them along the following three edges: the upper edge of Square (A 2 , 3, 2k) and of (A 5 , 1, 1) and the right edge of (A 1 , 3, 1 ) (see Figure 8) . Each slit is reglued with the corresponding slit of the other copy. In the following definition we give a formal description of this origami by its permutations. Recall for this that the 96k squares of the origami Y correspond to the elements in the set M Y = PΓ 2 /PΓ 6 × {1, 2, 3, 4} × Z/(2kZ). i) It allows a degree 2 covering r to the origami Y .
ii) The covering r defined in i) is ramified precisely over the four points R Thus Condition B) holds. Finally, the ramification behaviour of r shown in ii) ensures that Condition C) and D) are satisfied. Thus the claim follows from Proposition 3.10.
In particular, this proposition combined with Proposition 2.8 says that the Teichmüller curve of the origami Z k has complementary series for every k ≥ 3. In particular, our "smallest" example of Teichmüller curve with complementary series corresponds to Z 3 . The following corollary gives a description of Z 3 in terms of pairs of permutations:
The genus of the origami is 147. It consists of 95 horizontal and 94 vertical cylinders and it is in the stratum H(1, 5, 5, 5, 2, . . . , 2
138
).
APPENDIX A. EXISTENCE OF ARITHMETIC TEICHMÜLLER CURVES WITH COMPLEMENTARY SERIES
The facts in this Appendix are certainly well-known among experts, but we include this Appendix for sake of completeness. In the sequel, we will follow some arguments that grew out of conversations of the first author with A. Avila and J.-C. Yoccoz.
Consider the level 2 principal congruence subgroup Γ 2 of SL(2, Z). Recall that its image P Γ 2 in P SL(2, Z) is the free subgroup generated by x := 1 2 0 1 and y := 1 0 2 1 .
It follows that we have a natural surjective homomorphism ρ : P Γ 2 → Z obtained by counting the number of occurrences of x into a given word w = w(x, y) ∈ P Γ 2 . In particular, by taking the reduction modulo N , we have a family of natural surjective homomorphisms ρ N : Γ 2 → Z/N Z. We define Γ 2 (N ) := Ker(ρ N ). Let U := F 2 ∩ {z ∈ H : |Im(z)| < 1} and V := x n (U ) where n = N/2 . Since the hyperbolic distance ρ(z, w) between z, w ∈ H verifies cosh ρ(z, w) = 1 + |z − w| 2 /2Im(z)Im(w), it follows that the hyperbolic distance d(U, V ) between U and V satisfies cosh d(U, V ) ≥ 1 + 2(n − 1) 2 because |Im(z)|, |Im(w)| ≤ 1 and |z − w| ≥ 2(n − 1) for any z ∈ U , w ∈ V = x n (U ). From our choices of U and V (inside the fundamental domain F N ), it follows that U and V are far apart by arccosh(1 + 2(n − 1)
2 ) (at least) on H/Γ 2 (N ).
In other words, for all 0 ≤ t ≤ arccosh(1 + 2(n − 1) 2 ), we have that U ∩ a(t)V = ∅. Here, a(t) = diag(e t , e −t ) is the diagonal subgroup of SL(2, R) and we're slightly abusing the notation by identifying U, V ⊂ H/Γ 2 (N ) = SO(2, R)\SL(2, R)/Γ 2 (N ) with their lifts to SL(2, R)/Γ 2 (N ). Therefore, by taking f = and u = f − f , v = g − g, we get
for every 0 ≤ t ≤ arccosh(1 + 2(n − 1) 2 ). Here Area is the normalised hyperbolic area form of H/Γ 2 (N ).
Assume that the regular representation of SL(2, R) on L 2 (H/Γ 2 (N )) doesn't exhibit complementary series. By Ratner's work [16] , it follows from the identity above that, for all 0 ≤ t ≤ arccosh(1 + 2(n − 1)
2 ),
1/2 te −t =K(1 − Area(U ))te
whereK > 0 is a universal constant. In our case, since the hyperbolic area of F 2 − U is 2 and the hyperbolic area of F 2 is 2π (equal to the area of H/Γ 2 ), we have Area(U ) = (2π − 2)/2πN . Thus, in the previous estimate, we see that the absence of complementary series implies 2π − 2 2πN ≤Kt N e −t N with t N = arccosh(1 + 2(
2 ). Since this inequality is false for all sufficiently large N , the proof of the proposition is complete.
Remark A.2. The constantK in Ratner's work [16] can be rendered explicit (by bookkeeping it along Ratner's arguments). By following [16] closely, we found that one can takeK = 
